Introduction
Ferroelectric phase transitions are conventionally divided into two types: an order-disorder and a displacive-type. [1] In the former one, which is frequently seen in hydrogen-bond-type ferroelectrics such as KH 2 PO 4 (KDP), local dipole moments μs are randomly distributed between opposite directions in the paraelectric phase, leading to zero macroscopic net polarization P (= Σμ). A spontaneous polarization in the ferroelectric phase is then driven by their ordering through the ferroelectric phase transition. In the later type, in contrast, there are no dipole moments in the paraelectric phase. The spontaneous polarization in the ferroelectric phase stems from relative polar displacement between cationic and anionic sublattices. It is induced by freezing of a so-called ferroelectric "soft mode", which is known as a strongly anharmonic optical phonon mode at Γ-point in the Brillouin zone (BZ). The displacive-type transition is often found in the ferroelectric oxides as represented by perovskite-type compounds such as PbTiO 3 . Since the ferroelectric oxides have been widely applied for the electronic devices, such as actuators, sensors, and memories, due to their chemical stability, the large spontaneous polarization, and the relatively high transition temperature, a better understanding of the soft mode behavior would be important from viewpoints of both application and fundamental sciences. Spectroscopic techniques employing light scattering, infrared absorption, and neutron scattering have been generally utilized for investigating the dynamics of the soft mode. Among them, Raman scattering has an advantage especially in a low-frequency region, which is significant to resolve the critical dynamics of the soft mode near the transition temperature. In the present review, we will discuss the soft mode behavior at the ferroelectric phase transition by referring the Raman scattering studies on CdTiO 3 and 18 Osubstituted SrTiO 3 . Furthermore, a microscopic origin of the soft mode is figured out from a viewpoint of local chemical bonds with the help of first-principles calculations. l l w l w l l w l = -åå åå (6) Defining C as (7) it finally comes to Cochran's law
As seen in the above equation, the soft mode decreases its frequency with approaching T c , and finally freezes to induce the ferroelectric phase transition. In the second-order phase transition, in particular, the displacement of the soft mode Q(s,0) corresponds to the polar displacement in the ferroelectric phase. It should be noted that the bare frequency ω bare (s,0) of the soft mode is assumed to be imaginary at zero-Kelvin. The softening of the soft mode connects to the divergent increase of the dielectric constant through Lyddane-Sachs-Teller (LST) relation,
Experimental observation of the ferroelectric soft mode in the classical scheme
The experimental observation of the typical soft mode behavior in the perovskite-type ferroelectric oxide, CdTiO 3 , is presented in this section.
CdTiO 3 possesses an orthorhombic Pnma structure at room temperature due to (a + bb -)-type octahedral rotations in the Glazer's notation from the prototypical Cubic Pm-3m structure. The CdTiO 3 undergoes ferroelectric phase transition into the orthorhombic Pna2 1 phase around 85 K. [5] [6] [7] The confocal micro-Raman scattering is the one of useful techniques to investigate the soft mode dynamics in the displacive-type ferroelectric phase transition due to the following reason; In general, the complicated domain structure forms across the ferroelectric phase transition, where the principle axis of the crystal orients to various directions, which are allowed by the symmetry relation between the paraelectric and the ferroelectric phases. The size of the individual domain generally ranges over several nanometers to microns. When the domains are smaller than the radiated area of the incident laser, the observed Raman spectrum is composed of signals from differently oriented domains, leading to difficulty in the precise spectral analyses. With application of the confocal micro-Raman scattering, on the other hand, we can selectively observe the spectrum from the single domain region, because its spatial resolution reaches sub-microns not only for lateral but also depth directions. [8] Note that the Raman scattering can observe the soft mode only in the non-centrosymmetric phase due to the selection rule, therefore the critical dynamics of the soft mode is in principle investigated in the ferroelectric phase below T c . Flux-grown colorless single crystals of CdTiO 3 with a rectangular solid shape were used for this study. The two samples have dimensions of approximately 0.3×0.2×0.1 mm 3 and 0.2×0.1×0.1 mm 3 . Since the present samples were twinned, we carefully determined the directions of the axes in the observed area by checking the angular dependence of the Raman spectra with the confocal micro-Raman system, whose spatial resolution is around 1 μm ( Fig. 1 ). Here we use laboratory coordinates X, Y, and Z, corresponding respectively to the crystallographic axes of [100], [010], and [001] in the paraelectric phase, to denote the Raman scattering geometries. For example, XZ(Y,Y)-Z-X means that the incident laser polarized parallel to the [010] direction penetrates the sample along the [101] direction, and the [010]polarized scattered light is collected with the backscattering geometry. The scattered light was analyzed by a Jovin-Yvon triple monochromator T64000 with the subtractive dispersion mode, and was finally observed by a liquid-N 2 -cooled CCD camera. The frequency resolution of the present experiment was better than 1 cm -1 The temperature of the sample was controlled by an Oxford microstat with a temperature stability of ±0.01 K. Figure 2 shows the temperature dependence of the Raman spectrum of CdTiO 3 , which is observed in Y(ZX,ZX)-Y scattering geometry with several temperatures from 85.0 K to 40.0 K.
In the vicinity of T c , in particular, spectra were observed with the temperature intervals of 0.5 K. As shown in the figures, the soft mode is seen at around 60 cm -1 at 40 K. It gradually softens toward zero-frxuency as approaching T c ~ 85 K. The spectral profile of the soft mode is analyzed by a damped-harmonic-oscillator (DHO) model;
where B, ω 0 , and Γ denote amplitude, harmonic frequency, and a damping constant of the soft mode, respectively. The soft mode frequency ω s is defined here as 
The temperature dependence of the soft mode frequency and the damping constant, which are determined by the analyses, are plotted by solid circles and open squares in Fig. 3 . Synchronizing with the softening of the soft mode, the damping constant is increased as approaching T c . 
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The temperature dependence of the soft mode frequency obeys the Cochran's low (Eq. 1.8) with C = 8.5 and T c = 85 K as expressed by the solid curve in the figure, indicating the typical displacive-type ferroelectric phase transition on CdTiO 3 .
The displacement pattern of the soft mode is obtained by first principle calculations. The calculations were conducted with a pseudopotential method based on a density functional perturbation theory with norm-conserving pseudopotentials, which was implemented in the CASTEP code. [9] Figure 4a presents phonon dispersion curves of CdTiO 3 in the paraelectric Pnma phase, which was obtained by the first-principle calculations. As seen in the figure, the soft mode, which is indicated by an imaginary frequency, is observed at Γ-point in Brillouin zone. According to the calculation, a displacement pattern of the Γ-point soft mode is composed of relative displacement of Ti with respective to the octahedra and an asymmetric stretching of O-Cd-O bond. It has been previously proposed that the hybridization between O-2p and empty Ti-3d orbitals triggers the non-centrosymmetric displacement of Ti thorough a second-order Jahn-Teller (SOJT) effect to induce the ferroelectricity as exemplified by 
A role of covalency in the ferroelectric soft mode
As indicated above, the covalency of the A-site ion plays an important role in the ferroelectricity in addition to that of B-site ion. The A-site substitution with an isovalent ion is in-structive for the better understanding on the mechanism of the ferroelectricity in the perovskite-type oxides. This section is thus devoted to the effect of the isovalent Ca-substitution on the ferroelectricity of CdTiO 3 . [11, 12] 1175ºC. Then the reground powders were pressed at 4 ton/cm 2 , and sintered at 1200 1 230ºC. Dielectric measurements were performed by a LCZ meter.
Temperature dependencies of the dielectric constants in CCT-x are presented in Fig. 5a . As seen in the figure, the dielectric constant of CCT-0 divergently increases and culminates at the phase transition temperature T c ~ 85 K. The T c decreases with Ca doping, and the peak transforms into a low-temperature plateau at x = 0.05, indicating a quantum paraelectric state as discussed later. The Ca concentration dependence of T c , which is estimated from the dielectric peaks, is shown in Fig. 5b . The fit curve with conventional Curie-Weiss law (a red line in the figure) indicates that the ferroelectricity in the CCT-x system is suppressed with a value of x larger than x c = 0.047.
The temperature dependence of the soft mode frequency is presented in Fig. 6 as a function of x. The soft modes in CCT-x increase in frequency and intensity with distance from T c on cooling, exhibiting typical behavior of the soft-mode-driven phase transition. According to the Lyddane-Sachs-Teller relationship (Eq. 1.10), the squared soft mode frequency ω s 2 and the dielectric constant ε' are inversely proportional as mentioned in the preceding section. Therefore, if the dielectric properties of the CCT-x system are governed by the lattice dynamics, the soft mode frequency at the lowest temperature should de-crease with increasing x because the dielectric constant near 0 K increases with x (see Fig.  5a ). The Raman spectra at 4 K presented in the bottom panels in Fig. 6 show that the soft mode softens as x increases, indicating a displacive-type phase transition of the CCT-x system. This result suggests that the phase transition of CCT-x can be discussed in terms of lattice dynamics. Note that, the soft mode become observable at low temperature in CCT-0.05 and -0.07, although it does not undergo the ferroelectric phase transition within a finite temperature range. This is a typical characteristic of precursory softening of the soft mode in the quantum paraelectric state. [13, 14] 
Ferroelectric Soft Mode in the Quantum Scheme
It has been known that the quantum fluctuation plays a non-negligible role in the phase transition dynamics when the T c goes down near 0 K, where the transition is suppressed though the dielectric permittivity reaches to several tens thousand. This effect is known as "quantum paraelectricity", which was first proposed as an origin of the giant dielectric plateau of SrTiO 3 at the low-temperature. [15] Twenty years later, it has been discovered that an isotope substitution with 18 O induces the ferroelectricity of SrTiO 3 , attracting considerable attention of researchers. [16] In this section, the dynamics of quantum para/ferroelectric is discussed from a view point of the soft mode.
Theoretical background of the ferroelectric soft mode in the quantum scheme
In the classical case as mentioned before, the soft mode frequency can be described as Eq. 1.3. At the low-temperature, where the influence of the quantum fluctuation can not be ig-nored, the approximation <Q 2 (λ, k)> ~ k B T is not appropriate. Therefore, Eq. 1.3 should be mode in the quantum para/ferroelectrics is schematically illustrated as a function of T 1 with the fixed T' c in Fig. 9 . Figure 9 . The schematic illustration describing the variation of the temperature dependence of the soft mode frequency as a function of T 1 . See text for the detail.
The classical limit is also presented for comparison. Note that the value of T 1 is varied with constant intervals. As presented in the figure, the phase transition is completely suppressed when T 1 is sufficiently large, whereas it recovers as decreasing T 1 . Interestingly, the T 1 dependence of the transition temperature becomes extremely sensitive when the transition temperature is close to 0K, suggesting that the quantum paraelectric-ferroelectric transition can be induced by subtle perturbation such as the isotope substitutions. [17] 
Experimental observation of the ferroelectric soft mode in the quantum scheme
The isotopically induced phase transition of the quantum paraelectric SrTiO 3 is a good example for the quantum paraelectric-ferroelectric phase transition driven by the soft mode.
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Here we show the Raman scattering study on the soft mode in SrTi( 16 
as functions of temperature and the isotope substitution rate x. The experiments were performed with the Raman scattering geometries of X(YY)-X, where X, Y, and Z are denoted by the cubic coordination of SrTiO 3 . [13, 14, 18] Figure 10 presents the temperature dependence of the squared soft mode frequency in STO18-100x for 0.23, 0.32, 0.50 0.66, and 0.96, observed in the X(YY)-X scattering geometry, respectively. In x = 0.50, 0.66, and 0.96, the soft mode frequency is shown only for the ferroelectric phase. As indicated in the figure, the softening of the soft mode in STO18-23 saturates at the low-temperature region near 0 K, showing excellent agreement with the theory. Since the square of the soft mode frequency is inversely proportional to the dielectric permittivity as indicated by the LST-relation as mentioned before, it is clear that the dielectric plateau in SrTiO 3 stems from the soft mode dynamics. Note that the soft mode is nominally Raman inactive in the centrosymmetric structure as for the paraelectric phase of SrTiO 3 due to the selection rule. In the present case, however, the centrosymmetry is locally broken in the low-temperature region of STO18-100x (x < x c ~ 0.32), leading to the observation of the soft mode even in the macroscopic centrosymmetry. The local non-centrosymmetric regions grow with 18 O-substitution to activate the soft mode spectrum even in the paraelectric phase as indicated in Fig. 11 . A mechanism of such defect-induced Raman process and an expected spectral profile are discussed in detail in Ref. [13] and [14] . The date points for STO18-x (x < x c ) in Fig. 10 are obtained by the spectral fitting with the defect-induced Raman scattering model. With the isotope substitution, softening of the soft mode is enhanced and the phase transition takes place above the critical concentration x c as manifested by the hardening of the soft mode on cooling in the low temperature region. The transition temperature elevates as increasing x. The temperature dependencies of the soft modes in all samples except for that in STO18-32 were examined by the generalized quantum Curie-Weiss law, which was proposed in Ref. 19 , where the power of Eq. 3.5 is modified by γ/2;
The γ is the one of critical exponents, which characterizes the critical behavior of the susceptibility. As seen in the figure, the plots are well reproduced by the fitting with the systematic variations of T 1 and γ as indicated in Fig. 12 . In STO18-32, the strongly rounded soft mode behavior keeps us from fitting with Eq. 3.7. However, we can determine γ = 2 for STO18-32 from the obvious linear temperature dependence of the soft mode frequency, as seen in the inset of the panel (b). It should be noted here that γ = 2 corresponds to the theoretical value for the quantum ferroelectric phase transition [20] [21] [22] , and is caused by the quantum mechanical noncommutativity between kinetic and potential energy. These results show experimentally that the quantum phase transition of STO18-x is an ideal soft mode-type transition driven by direct control of the quantum fluctuation with the 18 O-substitution. An origin of the strongly rounded softening was suggested in our previous study to be the nanoscopic phase coexistence between ferroelectric and paraelectric region. (See Ref. 18 for the detail)
Summary
In the present review, we overviewed the soft mode behavior in both classical and quantum schemes through Raman scattering experiment in the CdTiO 3 and the 18 O-substituted SrTiO 3 . The analyses show excellent agreement qualitatively between the fundamental theory and experimental observations. The systematic studies with Raman scattering experi-ments and the first-principles calculations on Ca-substituted CdTiO 3 clarified that the covalency between constituent cation and oxygen plays an essential role in the origin of the soft mode. We hope the present review serves better understanding on the mechanism of displacive-type ferroelectric phase transition.
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